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"Set theory is the theory of EVERYTHING”

EBDOBFEDIIIHFTIL,

0 3&iE, TH>D] DIETHS.

e W f X Y &K THIG] X22—yeY DI ETHS.
EEZD. KEENTREICEIDT, ThIULEEFEZ LW,

BHRTIL,
o METEHNS U K TER] LEDBRIE,
ThBEFEIEEDESTHS.

E WD IISIZIID.
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& = 5%t

IEFE%E (ordered pair) &1d, EEARTFEIDR (z,y) DL D ICIEFXT
EZELERTODZ E.

Definition 1 (Kuratowski)

(z,y) == {{z}, {z, y}}.

Lemma 2

(z,y)=(",y) mz=2"Ny=1.

Proof
r=y &z #y THEDIT. 0
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ZIREA®%

—IEFA{R (binary relation), # 2 WIEBIZEKR & I,
o N/INEMRVEMRBERA L, 2EHRDEH.
0 3<41F(3,4) e<%&EKT 3.
o —f%IC, xRy (z,y) e RDZ &.

Definition 3

RHOBEFETH S « Yu € Rz, y[u = (z,9)]. J
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BRI %

o f(z)=2*RERBEBA, HELEHEM IO N/ —HH.
BlZIE2x3 =613 x((2,3)) = 6 DESEE.

o f(z)=yld (z,y) € fZRHKT 3.
EnFIES, ((2,3),6) € x.

o WEICIE—MMENERINS.

Definition 4
O EBTH B
o fHBRTHY, (z,y) e fRDyIEELLDULALL.
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B A%

0:=10

1:={0} = {0}

2:={0,1} ={0,{0}}
3:={0,1,2} = {0,{0},{0,{0}}}

en:={0,1,2,--- ,n—1}



5 18 RANERAMR E AENRAH

O00000e

RIMEARLEOBFEDREM

B - AEY - 2] - 8RN

o HiNWZ & AKRXICThIE, BEHIL B2l TH9F] 9
Bl 2RI 3DOBRBTEITS.

o BIZIE, —2/3:=(1,(2,3)).

o ADERIIFTE% (Y1 T R), #B%E21EThIER/LNS.
o E#I Dedekind tIF TH SN 3.

o BRIBIIEHDIEFHE LTHELNS.

o ThOLDEDOKNPHANEELEARNICEREIND.

D ERILEH B, 5EL < I [Kunen 2009] % [HE4R 1967) E5 S
BXhrzi.
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00
Russell /X5 Ko 2

2 DOD[RE

ZZET, EAEHMIEBREAOEDE L THVWEFWIIHR>TE L.
EEMIICOVWTEETZ L, RO2DDFEENMENV LN S.
o MEMDNIE : ERMBEFL VWESIIHEFL L.
o NEBDRE : p(x) Z x ICEAT2HELT 2L X,
E&8{r: o) BEFET 3.
InsiE, FEBMRICEBINI I OO TEALRRERICEX 3.
LHAL, RIFZOIBIIDEFFEIRETLE.
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oceo
Russell ®/X5 K9 2

Russell D/XZ KU X

Russell ®/XZ K& X
BT ME () Zr ¢ ELED.
IDEE, REDAEICLY, FER={z: 2 ¢z} DEET 5.
ZDRICDVWT, RERDPREZRDEL LMD YILDIET .
e REREELLD. TDEX RITHE ¢ ZiELTDENDL,
R¢R.
e RERIZELLD. TDZELREIICRMMEE o BT
ZEZEEO>TWHDT, ReR.

ZDESICLTRER « R¢ REANE. FE.
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[EE DR

AN T RN ?
o EEWMRETNDED?
S EEBRE T OO TERRBRDTE TR,
o FmiE 7?7
— S O#RIIFERNIETEET, BREIEARL.
e 2 DMDNE?
— NBORBICEELNHZDTIE (BT EXD)?
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o HEANABRFEAE DT, HrhABRIBE.
SZFC AER EIREN B AR AR,

o MATH, MPA—BRBEREBE VD Y RF LD ETHRK
ICERYIRS & & AEEMICA > TV S, LT TEAN2HE
DEE, TOHRE, EARDEE Ly = {c) OREHTH
RS2, SHRTOIEEHTYBRETICHRELE
5.
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BmDT L

o EAMOTHAICDOVWTEALLEGHATS. LgmmER
(formula) &1&, HBHRANZHLITERSOERIITHY, EA
*TL%EEELetﬁ —,V,=, €, ( ) V0, V1,02, ... DHTHS.
EFA (proof) & &, ﬁ)%)ﬁﬁ']’ﬁ:ﬁ?l?’ Ls iMERDBHRIT
#H%. EIE (theorem) &1F, FIBADKEICIEN S Lo MBI
DI ETHD. FMERNIE (non—logical axioms) & &, L<
DHDEFED L5 REBRDIETHSD. TITEET DN
ZFCORETHS.

o EEMDBMTIHNZIEBIILULIZEITLZEDDATHZH
6, E|$,S - t, f( ) = y%’? @nﬂ/ftiﬂiﬁnﬂkﬂ'%ﬁ‘, EEEE’J
WKIR—YIRREZAWTEF 2 2 LICERIhAEW. UFT
&, FICHTSIBEEC 2 AW 5.
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ZFC D Part 1

S1&, REXDEIMLIZEBLTVWE I ENZVDTEER.

Q0 RADHEHELRE : Ix(x = 2).

QO AEMRIE :Vz(zez+2€y) 2=y

Q EORE :Jylyexr) > ylyex A—-Jz(z €x Az €y)).

QO DHAEMRN : y ZBRAERICKELAW LREX o ThE
NI LT, IyWVe(z ey <z € 2 A p(a)).

QO WAE : Iz(zxezAy€2).

QO MEERE : JAVYVe(x e Y AY € F - x € A).

0 EHNENN : B ZEHHAZKICHE LW Lo wmEBER p ThT
NI LT, Vo e Adlyp(x,y) — IBVx € Ay € By(z,y).
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ZFC DR Part 2

Q HERAE : Jz(0 € x AVy € 2(S(y) € 2)),
BL S(y) =yU{y}t

QO BEERHE : V(2 Cx— 2z €y).

Q FERNHE :
V¢ FAVxe FNye Flx £y —xzNy=10)
— 3CVzx € F(SING(C Nnz)),
fBL SING(z) +» Jy € 2Vz € z(2 = y).

DUEDRBICE > TEENTINZEON TEE] EHEN 3D,
HBZEHRT EEEFRITH] EVWIREAHMLBWNICIEEZTWY
RWEEE LS.
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EXNLBZDIEH

LEROREBRNS, 2,y PEELLIE

exNy¥zUy HHRAE.

o {r} LESA.

o {z,y} LESH.

o (0,y) = {{z}, (. y}} BEA.

o ZEADFHEE—RM.

0 0,1,2,... IFFhThES.
RE, ERNLGIEHNEBHNEZICEITZDT, ZOLIATL
Y R < AW S.
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DHAERKXE ISR

o NHAEMAIX, BIFEDERE 2 D5 ¢(z) 2wk THD &
IYE> 7] EDHVEETHBIE%ZFRLTWVWS.

o I7b5, {z:p(x)} BEEDEIDEDLHNLLWVA,
{xez:pa)} IREETHDEVNZLS.

Definition 5

{z:0(x)} 27 FZ (class) EWD. y e {z: p(x)} & ¢(y) DEEES
Thd.

Vi(z € A+ p(z)) RBPEEADDHDEXE, {z:¢(x)} IFFET
2&EWD. ESTRWVWEE, {z:90(x)} BEDIZATHBE
W,

B Z 1L, TRussell /XS5 R RICHITD Rl TEE2EFOEFY
V] NEFEHEEDEFY ON| T RTEDISATHDIEN
M5 TW3.
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B 1ER DR

INhETIK MEOERE] & LToEEmEBRALLD, Thid
BHRDIFAD—ETLHIARL., EARIIVEP—DDHIIL
MBI THY, BLrDEL LLVERIMELNTWS.
Mzm,ﬁ%@ﬁ;@%&f@ﬁ%ﬂmibnmﬁé@xﬁﬁ%
&%) IS L7 FO—F 9 2 HE%5 5 Z 558%E (forcing) 7 &

nEA.
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B & 1,

o HAM D H BEDILR.

o KEMIIBVWTHLHNAKREARLTEZLHR.
IEF#ICET 2 EANLHEEERLEZDS, KICMhiEE
NEFHELEDEZY ON BEDISATHD] TEDIR%EE
BIZY 5.
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Definition 6

R%zRfk, A%Z&BET 2. UTD3DIARTHARYID LT,
R% A LDMELIERF (strict total order), BICLIEFEEH L.

Q ERHE Ve e AzRz|.
Q M : Vayz € A[zRyRz — zRz].
Q@ =N :Vaye AlzRyVyRzVz =1y

v

AX—=Y R EOBERNER < ©, LEHEORZEDOEEW £
I Ta<bealdbEYFRIICERENS] TERTDIERF < 2 &,
MERRICE>TCHALIER] .

2EFIFHREER (linear order) & £ IFIEN 5.
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Definition 7

RZEMR, X %2&8H, ye X &95%. Vze X [zRy] THDEE,
y \& X ICHF 2 RIB/NIT (R-minimal) TH 3 & W .
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M/NTTDA X —< Part 1

arb % ERT.
FRAHXZH 1S 2 RV,
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FRINTTDA X — Part 2

YIZIZ RIERNTTH 7 LAY,
XIZIEHY, aThsb.
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2R, BIEF

Definition 8

R%=REfR, AZ&EEETE. ADERDETRWVEIEESD RIE
NTeRDEE, RIF A LETEMRE (well-founded) THB EW .

Definition 9

R%zB%k, A%2&6¢9%. R\MVALDORIEBFTHY, D, A
LOEBREARTHDEX, RIFAZEINNT S (R well-orders A) &

W,

v

RN ALDEINEFTHDEE, X CAD RIBINTIEIH—TH
Y, RE/MIT (least element) &M ITN 5.

informal 73] : N (ZBED KN < ICL > TEII N B,
7,Q,R IZ% S TEARW (Why?).
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Definition 10
B 2 DHEBHES (transitive set) TH D EIE, Vy € z[y C 2]
Hmled I &THD. Fie,

Veylx €y € z = x € 2]

TEZLTERETH 3.

Remark

[ROEBHERTHZ] T&& HIHEBHNESTHDZ] &
HEERTDIRIEILUTWSD, R LARTHIEA S,

D 3%{0,1,{1}} RERFEBWESED, {0,1,{2}} &&F

ED.
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Definition 11 (von Neumann)

z DEFZL (ordinal number) TH 2 &1, 2 MHEBRHESTHY,
DD, cilEL>TEITNZIETHS.

Definition 12
@ ON := {z : z is an ordinal number}.
IEF#%ERTDICF) O TXFERAWNS.
a< faep.
alpfaepfVa=g.
X CON,XNON 2&, S7BRZRAW5.
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Remark

INFTHAL TELARRBEZNBRDIEFTDES TH 2721,
cFEETIERW (ile.F ={(z,y):x €y} REIEREIFELR
W) DTEEDNDE.

Bz L, T(IEFRDOEEE LTORR)RIEE A LIERFATH
%] EWO0DIE, BRAEEIFIE

Ve € A=((z,x) € R)

EWSZERE2. WL, TedEBALERFTHD] EWD
DI
Ve € A-(x € x)

EWD Z &, L < [Kunen 2011] 2588,
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ON SR T S A

Lemma 13

ON IR I S A THD. §RHE, 2cac ON = z€ ON.

Proof

2€a€ONZRELT, 2 " HEBHNEETHBIEE 2N T
BIINdZcanEEEWN. B, a M HEBNESTHBE T
e a LOWBRERLIIENLEITE., BEIE, o hHE
BHEESTHBIELY 2 Cadbdrl, cha EOEIERFT
HBIEMNLHLL (BIEEDHIESITREIESR). O
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€ld ON LIRS

Lemma 14

€3 ON LERSTHZ. THbE, ada.

Proof

BEE a%, acaBBEFHRETS. o BIEFEAZDT c &
abIERH. o TWwlyea—y gyl FiICy%Z a&BFIE,
aca—ad¢a INEREacasY ada FE. O

4
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€3 ON LHFBH

Lemma 15

€EXON LHEBWTHS. §abb5, aefey—>acn.

Proof
y DEBHNESTHD I ENSEHLH. O
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=ZDENDEE(H

Lemma 16

anNpRIEFHETH 3.

Proof

HRBRHUEETHD I EEPLEZINIEOL S, BIIMEIE

anNpB Cah bbb, O
Lemma 17

aCleasp (DFYaepBVa=4) .

Proof

(<) &, a=pDEEXD (=) TEA. (—>)‘C“a§é60)t3,
B\aDwRNTEN allFLWI EEZBEETRE S (BE). 2
dThiEacpdbhs. O
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ElTON E=pB&HAET

Lemma 18

ClEON L=n#B%&Hid. §8Hb5, acpBVpcaVa=2g. )

Proof

Si=anNBaEZADE, Lemmalo LY SELIEFEH. 6 C o, 8 &
Lemma l7 &Y (beaVi=a)A(6€BVI=p4) MHBAY THE
PFITBE, §co,BlELemma 14D SHY BRI &EHHHY,
TOMDIGERDacfVBEaVa=8THbI bbb, O




52 88 IEFRH

00000e0000

Burali-Forti MEHE

€3 ON EDEERE %R

Lemma 19

€ X ON LOERREFRTHS. TbH5, ON DEEDETAW
MIEEIT c BNTEFD.

Proof

X #0)% ON OBAEEETS. X IEETHRVWDTac X HeE
N3, o X OBNTASHBIZEASH., TITRVEE, &5
aNX %#E2%. ThitaDETHRW (GIRE) BAEERDT, o
DEFIMELY aNX IKIE eBNTEDH D, TDERFERLXIC
B33 ctBNTTHH B (GEIR). O
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€lx ON EDEES|EFE

Theorem 20
€lXON % ##3¢ 3.

Proof
DIEF ML Lemma 14,15,18. EEFEM (X Lemma 19. O
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Burali-Forti D 7E IR

Theorem 21 (Burali-Forti D EIE)

IEFHEEN 5259 53X ONIBEDY ZATHS.
DFVY, —IyVz [z € y ¢ z is an ordinal number].

Proof

BEE tLEEEONDHoKETDHE, Lemma 134 Y ON
IR ES THY, 5D, Theorem 20 &Y ON [F €Il L 2%
5 4 THB. LEN>TON RIEFETHS (ON € ON).

ZhiE Lemma 14 ICRT 3. 0

<
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IR # D 1% &

o BERNEEZRONIL, ERDESIZETIFTRE.

o IEFHIIBIEED T2 DILI. FROBIEEI, H2D
IEFEICRIZET, LIEZDL D RIEFHITH—.

o Ffc, EEDY A X% A2 EZ (cardinal number) DR %R
S TEELHRDEFY V 2, 28I H D & WD RERF
~TE>TI EELLDIERS &, EETHWVWVAEDLLT
TTHEBTHD. PENEEHRTIRIENZ [HHRHZHL
VIEF#E] EWSHTEETE 3.

o IEFEIZ, EAMOFHED [FE] H1d (REMEE).

@ etc.
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